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Q ■ Abstract 

I Let G be a finite graph allowing loops, having no multiple edge and no isolated 

p ' vertex. We associate G with the edge polytope Vg and the toric ideal Iq- By classifying 

^ ■ graphs whose edge polytope is simple, it is proved that the toric ideals Iq of G possesses 

p.,^ \ a quadratic Grobner basis if the edge polytope Vq of G is simple. It is also shown that, 

ps| ' for a finite graph G, the edge polytope is simple but not a simplex if and only if it 

■ is smooth but not a simplex. Moreover, the Ehrhart polynomial and the normalized 

rj , volume of simple edge polytopes are computed. 

<\ 

5 : Introduction 

G^. Let G be a finite graph on the vertex set V{G) = {!,..., d} allowing loops, having no 

! multiple edge and no isolated vertex. Let E{G) = {ei, . . . , e„} denote the set of edges (and 

^ I loops) of G. If e = {i,j} is an edge of G between i e V{G) and j E V{G), then we define 

t^^ I p(e) = Bj + Bj. Here ej is the ith unit coordinate vector of M"'. In particular, for a loop 

^ ' e = {i,i} at i E V{G), one has p(e) = 2ej. The edge polytope of G is the convex polytope 

Tjj- ■ Vg (c M'^) which is the convex hull of the finite set {p(ei), . . . ,p(e„)}. If e = {i,j} is an 

t;;+ ! edge of G, then p(e) cannot be a vertex of Vg if and only if z 7^ j and G has a loop at each 

O I of the vertices i and j. With considering this fact, throughout the present paper, we assume 

Q I that G satisfies the following condition: 

.^ ■ (*) If i, j E V{G) and if G has a loop at each of i and j, then the edge {i,j} belongs to G. 

^> ■ 

^ ■ Let K[t] = K[ti, . . . ,td\ denote the polynomial ring in d variables over K. If e = {i,j} is 

■ - - ' an edge of G, then t^ stands for the monomial titj belonging to K[t]. Thus in particular, if 

e = {i, i} is a loop of G at i G V{G), then t*^ = t^. The edge ring of G is the affine semigroup 
ring K[G] (c K[t]) which is generated by t^^, . . . ,1*^" over K. Let TZg = ^[{^ij}{i,j}eE{G)] 
denote the polynomial ring in n variables over K. The toric ideal oi G is the ideal Ig (c V-g) 
which is the kernel of the surjective ring homomorphism vr : TZg ^ ^[G] defined by setting 
7i{xij) = titj for {i,j} E E{G). A convex polytope V of dimension d is simple if each vertex 
of V belongs to exactly d edges of V. A simple polytope V is smooth if at each vertex of "P, 
the primitive edge directions form a lattice basis. 

Our goal is as follows: (i) To classify graphs whose edge polytope is simple (Theorem II. 8p . 
(ii) To show the existence of a quadratic and squarefree initial ideal of toric ideals arising 
from simple edge polytopes (Theorem 12. ip . (iii) To compute the Ehrhart polynomial and the 
normalized volume of simple edge polytopes (Theorem 13. ip . 



1 Simple edge polytopes 

In this section, we classify all finite graphs G for which the edge polytope Vq is simple. 

A closed walk of G of length g is a sequence (cj^, e^j, • • • , Cj^) of edges of G, where e^^ = 
{wfc, Vk] for fc = 1, . . . , g, such that v^ = Mfc+i for A; = 1, . . . , g — 1 together with Vq = Ui. Such 
a closed walk is called a cycle of length q ii Uk ^ Uk' for all 1 < A; < A;' < g. In particular, a 
loop is a cycle of length 1. Let V = (cj^, e^j, . . . , 6,2^) where Cj^. = {uk, Vk} for A; = 1, . . . , 2g 
be an even closed walk of G. Then it is easy to see that /r = Y['e=i ^u^t-vu^i^x " 11?=! ^U2tv2i 
belongs to Iq. An even closed walk F of G is called trivial if /p = 0. It is known [31 Lemma 
1.1] that 

Proposition 1.1. LetG be a finite graph. Then {/r \T is a nontrivial even closed walk of G} 
is a set of generators of Iq- In particular, G has no nontrivial even closed walk if and only 
if Ig = (0). In addition, if G has at most one loop, then its edge polytope Vq is a simplex if 
and only if Iq = (0). 

Let G denote the subgraph of G with the edge set E{G) = E{G) \ {{i,j} G E{G) \ i ^ 
j and {i,i}, {j,j} G E{G)}. Then we have Vg = Vq. The following Propositions are known 

[21 E]. 

Proposition 1.2. Let G he a finite graph. Then Vg is a simplex if and only if G satisfies 
both (i) each connected component of G has at most one cycle and (ii) the length of any cycle 
of G is odd. 

Proposition 1.3. Let G be a finite graph and let Gi, . . . ,Gr denote connected components 
of G. Then, for each I <i <r, dimPg. equals to 

\V{Gi)\ — 2 if Gi has no odd cycle 
\V{Gi)\ — 1 otherwise 

and dimPc = t — 1 + Yll=i dimPci = I^IG*)] — r' — 1 where r' is the number of connected 
components of G having no odd cycle. 

Let ly be a subset of V{G). The induced subgraph of G on VT is the subgraph Gw on 
W whose edges are those edges e = {i,j} G G{E) with i & W and j G W. If G' is an 
induced subgraph of G with the edges e^^, . . . , Cj^, then we write J-'g' for the convex hull of 
{p(ejj, . . . , p(ej^)} in M". It follows that J-'g' is a face of Vg- Hence, J-'g' is simple if Vg is 
simple. 

Lemma 1.4. Let e and f be edges of G with e ^ f and suppose that each of p{e) and p{f) 
is a vertex ofVc- Then the convex hull of {p{e),p{f)} is an edge of Vg if and only if one 
of the following is satisfied: 

(i) Each of e and f is a loop of G; 

(ii) e = {i,j} with i ^ j and f is a loop at i; 

(Hi) e = {i,j}, f = {A;, A;} with |{z,j, A;}| = 3 such that either {i,k} ^ E{G) or {j,k} ^ 
EiG); 



(iv) e = {i,j}, f = {j,k} with \{i,j,k}\ = 3 such that either {i,k} ^ E{G) or {],]} ^ 
E{G); 

(v) e = {i,j} and f = {k,£} with \{i,j,k,£}\ = 4 such that the induced subgraph of G 
on {i,j,k,i} has a vertex of degree 1. {If the induced subgraph of G on {i,j,k,i} has 
no loop, then we can replace "a vertex of degree 1" with "no even cycle of the form 
(e,e', /,/')"■) 

Proof. Let, in general, P be a convex polytope and JF a face of V. Then each face JF' of JF 
is a face of V. In addition, if JF and JF' are faces of V with JF' c JF, then JF' is a face of JF. 
(i) Let e be a loop at i G V{G) and / a loop at j G V{G), where i ^ ]■ Let G' be the 
induced subgraph of G on {i,i}- By the condition (*), we have E{G') = {e, /, {i,j}}. Hence 
the convex hull of {p(e),p(/)} coincides with the face J^g' of "Pg- Thus the convex hull of 
{p(e),p(/)} is an edge of Ve- 
in) Let G' be the induced subgraph of G on {i,j}- Since p(e) is a vertex of Vg, we have 
{jyj} 4- E{G). Hence E{G') = {e, /}. As in (i), the convex hull of {p(e),p(/)} coincides 
with the face J-'g' of Vg- 

(iii) Suppose {i,k} G E{G) and {j,k} G E{G). Let G' be a subgraph of G with 
E{G') = {e, f,{i,k},{j,k}}. Then the edge polytope Pg' is a rectangle and the convex 
hull of {p(e),p(/)} is its diagonal. Thus the convex hull of {p(e),p(/)} cannot be an edge 
of Vg'- Since Vg' is a subpolytope of Vg, {p(e),p(/)} cannot be an edge of Vg- 

On the other hand, suppose {i,k} ^ E(G). Let G" be the induced subgraph of G on 
{i,j, /c}. By the condition (*), E{G") is one of the following: {e, /}, {e, /, {j, /c}} and 
{e, /, {j, /c}, {j, j}}- In all of three cases above, the face J^g" is a simplex. Thus the convex 
hull of {p(e),p(/)} is an edge of Vg- 

(iv) If both e' = {i,k} and /' = {],]} belongs to E{G), then we have p(e) + p(/) = 
p(e') + p(/')- Thus the convex hull of {p(e),p(/)} cannot be an edge of Vg- 

On the other hand, suppose that either {i,k} ^ E{G) or {],]} ^ E{G). Let G' be the 
induced subgraph of G on {i,i, k}. If {j, j} G E{G), then {i, /c} ^ E{G) and G has a loop at 
neither i nor k. Hence E{G') = {e, /, {j,j}}- Thus the face J-'g' is a triangle and the convex 
hull of {p(e), p(/)} is an edge of Vg- If {j, j} ^ E{G), then the face of P^ arising from the 
supporting hyperplane H = {{xi, . . . ,x„) G M" | Xj + 2xj + x^ = 3} is the convex hull of 

{p(e),p(/)}. 

(v) Let G' be the induced subgraph of G on {i,j, k,i}. Suppose that G' has no vertex of 
degree 1. If G" has an even cycle of the form (e, e', /, /'), then p(e) + p(/) = p(e') + p(/')- 
Thus the convex hull of {p(e),p(/)} cannot be an edge of Vg- If G' has no even cycle of 
the form (e, e', /, /'), then we may assume that {i, k} ^ E{G) and {i, i} ^ E(G). Since the 
degree of i is not 1, we have {?, i} G E{G). Hence G has a loop at none of j, k and £. Since the 
degree of each of k and i is not 1, we have {j, k} G -E(G) and {j, i} G E{G). Thus E{G') = 
{e, /, {i, i}, {j, A;}, {j, £}}. Then we have 2p(e) + p(/) = p{{i, i}) + p{{j, k}) + p{{j, £}) and 
hence the convex hull of {p(e),p(/)} cannot be an edge of Vg- 

Suppose that the degree of a vertex i of G' is 1. Then, none of {i,i}, {i,k} and {i,i} 
belongs to E{G). Since G has no loop at either k or i, we may assume that G has no loop at 
k. Then the hyperplane H' = {{xi, . . . , Xn) G M" | 2xi + Xj + 2xk + x^ = 3} is a supporting 



hyperplane of Vg and the face Ti' fl Vq is either an edge or a triangle. Since both p(e) and 
p(/) belongs to Ti' fl Vg, the convex hull of {p(e), p(/)} is an edge of Vg- Q 

Lemma 1.5. Suppose that Vg is simple, but not a simplex. Then G is a connected graph 
having no vertex of degree 1. Moreover if an induced subgraph G' of G has no isolated vertex 
and Tg' is not a simplex, then G' is a connected graph having no vertex of degree 1. 

Proof. Suppose that G is not connected. Since Vg is not a simplex, there exists a connected 
component G' of G such that Vg' is not a simplex. Then G' has at least dim Vg' + 2 edges. 
Let e = {i,j} G E{G) \ E{G'). Let G" be the induced subgraph of G on the vertex set 
V[G') U {i, j}. Thanks to Lemma [Ol the convex hull of {p(e),p(/)} is an edge of Vg' for 
all / G E{G'). Since dimP^// = dimPg" + 1; the face Vg" of Pg is not simple. Thus Vg is 
not simple. Suppose that G has a vertex z of degree 1. Let e = {i, j} G E{G). Thanks to 
Lemma [LH the convex hull of {p(e),p(/)} is an edge of Vg for all (e 7^) / G E{G). Since 
Pg is not a simplex, this contradicts that Vg is simple. Moreover, the induced subgraph G' 
satisfies the same condition since the face Tg' is also simple. D 

Lemma 1.6. Work with the same notation as above. If Vg is simple, but not a simplex, 
then G is a connected graph having no vertex of degree 1. 

Proof. It follows by the same argument as in Proof of Lemma [1.51 since Vg = V^. D 

A finite graph G on V{G) is called bipartite if there is a decomposition V{G) = Vi U V2 
such that every edge of G is of the form {i,j} with i E Vi and j G V2. 

Lemma 1.7. Let W be the set of those vertices i G V{G) such that G has no loop at i and 
G' the induced subgraph of G on W . Suppose that the face J-'g' is not a simplex. Then Vg 
is simple if and only if the following conditions are satisfied: 

(i) G' is a complete bipartite graph with at least one cycle of length 4; 

(ii) If G has a loop at i, then {i, j} G E{G) for all j G W ; 

(Hi) G has at most one loop. 

Proof. ("Only if") Suppose that Vg is simple. 

(i) Since Tg' is a face of Vg-, it follows that J-'g' is simple. Lemma 11.41 (iv) and (v) say 
that, if G' has no cycle of length 4, then the convex hull of {p(e),p(/)} is an edge of Tg' 
for e, / G V{G') with e ^ f . Since Tg' is simple, if G' has no cycle of length 4, then Tg' is 
a simplex. Since Tg' is not a simplex, it follows that G' has a cycle C of length 4. Let G" 
denote the induced subgraph of G on V{C). Since J^g" is simple, by using Lemma [T^ (iv), 
it follows easily that G" = C. In other words, 

(tj) every cycle G' of length 4 of G' coincides with the induced subgraph on V{C'). 

Since C is a complete bipartite graph, there exists a maximal (with respect to inclusion) 
complete bipartite subgraph F of G' with C G T. Thanks to (jj), F is the induced subgraph 
of G' on V{T). Let ^(F) = V^i U V2 be the partition of ^(F). Suppose that there is an edge 
{i,j} of G' with {i,j} ^ -^(r)- If ^ ^ ^(r) and j ^ V{r), then by applying Lemma [1.51 



to the induced subgraph of G' on V{C) U {i,i}, there exists an edge {k,f\ G E{G') \ E{T) 
with k G {i-ij} and i G V^(r). Thus we may assume that one of i G V"(r) and j G V(T) 
holds. Say i &Vi and j ^ V{T). Let i' G Vi with i' ^ i and C" a cycle of length 4 in F with 
i,i' G V{C'), say V(C") = {i,i', A;, fc'} with k, k' G ^ and k ^ k' . Let L' denote the induced 
subgraph of G on {i,i',k,k',j}. Applying Lemma [1.51 to T', the degree of j is not 1 in F'. 

If {i',j} G E(F'), then thanks to (jj), ^(F') = E(C") U {{i, j}, {i', j}}, i.e., F' is a complete 
bipartite graph. If {i',j} ^ E{T') and {j, A;} G -E(F'), then by Lemma [LH (iv) and (v), 
the convex hull of {p{{i,j}), p{e)} is an edge of J-'r' for all e G E{C') U {{j, fc}}. Hence 
P({^5 j}) belongs to at least 5 edges of jFp/. Since dimjFp/ = 4, jFp/ is not simple and this is 
a contradiction. 

Thus the induced subgraph F" of G on V{V) U {j} is a complete bipartite graph with 
{i-ij} G E{T"). This contradicts the maximality of F. Hence -E(F) = E[G'). After the proof 
of (iii), we will prove that V(T) = V{G') (= W), that is, there exists no isolated vertex in 
G'. 

(ii) We will prove that if G has a loop e at i, then {«, j} G -E'(G) for all j G V^(F). Since F 
is a complete bipartite graph with at least one cycle of length 4, it is enough to show that, 
for any cycle G' of length 4 in F, {i,j} G E{G) for all j G V{G'). Let G" denote the induced 
subgraph of G on V{G') U {i}. Then J^g" is simple. 

Let E{G') = {{j,k},{j,k'},{j',k},{j',k'}}. Let a denote the number of vertices i G 
{j,j'} with {£, i} G -E'(G) and 6 the number of vertices f G {k,k'} with {f,i} G -E'(G). 
Then by using Lemma [T3] the number of edges of JF^-^ to which p(e) belongs is a + 6 + 4 — a6. 
Since dim jFg» < 4 and Tg" is simple, we have a + b + A — ab<4, that is, 1 < (a — 1) (6 — 1). 
Since < a, 6 < 2, it follows that either a = b = 0oTa = b = 2. Ifa = 6 = 0, then 
dim J-'g" = 3 and a + 6 + 4 — a6 = 4 > 3. Hence the face J^g" cannot be simple. Thus 
a = b = 2. 

(iii) Suppose that G has more than one loop. Let {i,i}, {i',i'} G E(G) with i j^ i' and let 
G' sua even cycle of length 4 in F. Let G'" denote the induced subgraph of G on {i, i'}UV{G'). 
By using (ii) which we already proved, E{G"') = {{i, i}, {i', i'}, {i, i'}}UE{G') U {{j, k} \ j & 
{i,i'},k G V{G')}. Then Lemma ITM (iv) and (v) guarantee that for each e G E{G'), the 
vertex p(e) belongs to 6 edges of J-'g'"- Since dim J^g'" = 5, the face J-'g'" cannot be simple. 
This is a contradiction and hence G has at most one loop. 

Finally, since G has at most one loop and has no vertex of degree 1, G' has no isolated 
vertex. Thus F = G', as desired. 

("If") Suppose that the conditions (i), (ii) and (iii) are satisfied. 

First, if G has no loop, then G is a complete bipartite graph on ly = {1, . . . ,d} with at 
least one cycle of length 4. Let W = Wi U W2 be the decomposition of W such that each 
edge of G is of the form {i,j} with i G Wi and j G W2, where ll^il > 2 and 11^21 > 2. Fix 
an edge e = {^o, jo} of G. Let / = {i,j} G E{G) with e 7^ /. Lemma [Ol (iv) and (v) say 
that the convex hull of {p(e),p(/)} is an edge of Vg if and only if either i = iq or j = jo- 
Hence each vertex of Vg belongs to d — 2 edges of Vg- Since Vg is of dimension d — 2, it 
follows that Vg is simple. 

Second, suppose that G has exactly one loop. Let e be a loop of G at d. Then each edge 
{i, d} with 1 < i < d belongs to G. 

Fix an edge cq = {^o, jo} of G'. Let / = {i, d} with 1 < i < d. Then by using Lemma [1.41 



(iv) and (v) the convex hull of {p(eo),p(/)} is an edge of Vq if and only if either i = i^ oi 
i = jo- In addition, by using Lemma [Ol (iii) the convex hull of {p(eo),p(e)} cannot be an 
edge of Vg- Hence p(eo) belongs to {d — 3) + 2 = d — 1 edges of Vq- 

Fix /o = {io,d} G E{G) with Zq G Wi. Let / G E{G). Then the convex hull of 
{p(/o),p(/)} is an edge of Vg if and only if / = {io,j} with j G W2, or / = {z,(i} with 
io j^ i E Wi, or / = e. Hence p(/o) belongs to (rf — 2) + 1 = rf — 1 edges of "Pg- 

Let / G E{G) \ {e}. Then the convex hull of {p(e),p(/)} is an edge of Vg if and only if 
/ = {i, d} with 1 < i < d. Hence p(e) belongs to d — 1 edges of Vg- 

Since the dimension of Vg is rf — 1, it follows that Vg is simple, as desired. D 

Theorem 1.8. Let W denote the set of those vertices i G V{G) such that G has no loop at 
i and G' the induced subgraph of G on W . Then the following conditions are equivalent : 

(i) Vg is simple, but not a simplex ; 

(a) Vg is smooth, but not a simplex ; 

(iii) W ^ ^ and G is one of the following graph : 

(a) G is a complete bipartite graph with at least one cycle of length 4; 

(l3) G has exactly one loop, G' is a complete bipartite graph and if G has a loop at i, 
then {i,j} G E{G) for all j G W ; 

('-/) G has at least two loops, G' has no edge and ifG has a loop ati, then {i, j} G E{G) 
for all j G W . 

Proof, ("(ii) ^ (i)") Obvious. 

("(i) => (iii)") Suppose that the edge polytope Vg is simple, but not a simplex. By Lemma 
II. 5[ G is connected. Moreover, by Lemma [L6l we have W ^ (/}. If J-'g' is not a simplex, then 
thanks to Lemma [1.71 G satisfies either (a) or (/5). 

Suppose that J^g' is a simplex. Since Vg is not a simplex, G has at least one loop. Let 
G[, . . . ,G'^ denote the connected components of G'. Since J-'g' is a simplex, it follows that 
each of the faces J-'g' , • • • , J^c is a simplex and that Ig'. = (0) for z = 1, . . . , q, that is, each 
of the connected components G[, . . . ,G' has no nontrivial even closed walk. 

Since G is connected and has at least one loop, for each G'^., there exists a loop e = {i, i} G 
E{G) such that {i,j} with j G V{G'j.) belongs to E{G). Suppose that G'^ contains a cycle 
of odd length. Let / = {],]'} G E{G'^). Let G" denote the induced subgraph of G on 
V{G'^) U {i}. Let a denote the dimension of the face JF^; . Then the dimension of J-'g" is 
a + 1. However, the number of edges of the face J^g" to which the vertex p(/) belongs is 
a + 2. This contradiction shows that either E{G'^) = or G^ is a tree for all r. (A tree is a 
connected graph with no cycle.) 

Case 1. E{G[) = ■■■ = E{G'^) = 0. 
By Lemma [1.5[ the degree of each vertex in W is at least 2. Hence G has at least 2 loops. 
Let e be a loop at z G V{G) and e' a loop at i' G V{G), where i 7^ i'. Let Ue = {j G 
W I {i,j} G E{G)} and U^' = {j G 1^ | {i',j} G E{G)}. We show that, if U^ n U^' 7^ 0, 
then Ue = Ue'- To see why this is true, let > G t/g fl Ue' and js G f/g \ Ue'- Let G" denote the 



induced subgraph of G on {i,i',jr,js}- Then the dimension of the face J^c" is 3. However, 
the vertex p{{i,js}) belongs to 4 edges oi J-'g"- Hence J^g" cannot be simple. Thus Ue = Ue'. 
Thanks to Lemma ll.6[ it follows that Ug = W holds for any loop e of G. Then G satisfies 
the condition (7). 

Case 2. E{G'^) ^ 0. 
Let e be a loop at z G V{G) and e' a loop at i' e V{G) with i ^ i'. Suppose that {i,j} with 
J e ViG',) and {i',f} with f G V{G'^) belong to E{G). Let / = {j,j"} G E{G',). Let G" 
denote the induced subgraph of G on V{G'^) U {i, i'}. Let a denote the dimension of the face 
J-'g'^- Then the dimension of J-'g" is a + 3. However, the number of edges of the face J-'g" 
to which the vertex p(/) belongs is at least a + 4. This contradiction shows that if {i,j} 
with J G V{G'^) and {i',f} with f G V{G'^) belongs to E{G), then E{G'^) = 0. Thus, in 
particular, there exists exactly one loop Cq = {io,'io} of G such that {io,j} with j G V^G'^) 
belongs to E{G). 

We will show that G has no loop except for cq. Suppose that G has at least two loops. 
Thanks to Lemma [1.61 all loops of G and E{G') are in the connected graph G. Hence there 
exists a loop e = {i, i} of G with e 7^ cq such that both {io,js} and {i,js} belongs to E{G) for 
some E{G',) = with V"(G"J = {jj. Let / G ^(G^). Let G" denote the induced subgraph 
of G on V{G'g) U {js, io, i}. Let a denote the dimension of the face J-'g' ■ Then the dimension 
of J^G" is a + 4. However, the number of edges of the face J-'g" to which the vertex p{f) 
belongs is at least a + 5. This is a contradiction. Thus G has exactly one loop cq = {iojio}- 

Since G has no vertex of degree 1 by Lemma [T3| we have E{G[) 7^ for all i. Next we will 
show g = 1. Suppose that {io,i} and {iq,]'} with j, / G V^(GJ,) and j 7^ j' belong to E{G). 
Let / G E(G^) with s ^ r. Let G" denote the induced subgraph of G on V{G'^) U ^(G^) 
and G'" the induced subgraph of G on V{G'^) U V(G^) U {io}- Let a denote the dimension 
of the face J^g"- Then the dimension of J^g"' is a + 2. However, the number of edges of 
the face J^g"' to which the vertex p(/) belongs is at least a + 3. This contradiction shows 
that if {io; j}? {ioif} ^ E{G), where j,j' G V{G'^) with j ^ j', and if there is s 7^ r with 
E{G'g) 7^ 0, then j = j'. Hence, if g > 2, then at most one vertex of G[ is incident to the 
loop cq. Then there exists a vertex of degree 1 and hence it contradicts to Lemma [T31 Thus 
g = 1 and at least two vertices of G'l = G' are incident to the loop cq. 

Since g = 1, G' is a tree on the vertex set W and V{G) = W U {io}. Let U = {j E 
W I {io,j} G E{G)}. Then, \U\ > 2, dimPc = |'^(G')| - 1 = \W\, and dimP^' = \W\ - 2. 
If there is an edge / = {k, i} G E{G') with k ^ U and i ^ U, then the number of edges of 
Vg to which the vertex p{f) belongs is at least \W\ + 1, a contradiction. Hence, if {k,i} is 
an edge of G', then either k eU 01 I eU . 

Suppose that U 7^ W . Let j E W \U . Since G has no vertex of degree 1, the degree 
of j in the graph G' is at least 2. Hence suppose that {j, ii} and 0,^2} belong to E{G'). 
Since j ^ U, we have ii,Z2 G U. Then the induced subgraph G on {io; i)^i)'^2} satisfies 
i?(G) = {{^o, ^o}, {j, n}, {i, "^2}, {^o,"^!}, {^05'^2}}- Since the face jFg is not simple, this is a 
contradiction. Thus, we have U = W. 

Let {k,k'},{i,i'} E E{G') and suppose that {k,k'] n {£,f} = 0. Since G' has no cycle 
of length 4, we may assume that {k,i,'} ^ E{G) and {k',i'} ^ E{G). Then the number of 
edges of Pg to which the vertex p{{k, k'}) belongs is at least \W\ + 1, a contradiction. Hence 
if {fc, fc'}, {£, f } G E(G), then {A;, k'} n {£, f } ^ 0. Since G' is a tree, it follows that G' has 



a vertex jo such that each edge of G' is of the form {jo,j}. Hence G' is a complete bipartite 
graph and G satisfies the condition (/?). 

("(iii) =^ (ii)") Thanks to Proposition II. 2[ Vg is not a simplex. We will show that Vq 
is smooth. For each vertex v of Vq, let M^ denote the matrix whose columns are set of all 
primitive edge directions at v. Let 1 = (1, . . . , 1) and let Em be the identity matrix. 

(a) Suppose that G is a complete bipartite graph. Let e = {1, 1'} G E{G). For / G E{G), 
the convex hull of {p(e),p(/)} is an edge of Vg if and only if either / = {1,^'} with i' ^ 1' 



or / = {i, 1'} with ii-\. Then M, 



P(e) 



/-I 

Em 


\ 


\ 


-1 

Em' ) 



Since they form a lattice basis, Vg 



is smooth. 

(/5) Suppose that G has exactly one loop and G' is a complete bipartite graph with vertex 
set Vi U V2. Let {1, 1} G E(G), ^i = {2, . . . , m} and 1^2 = {m + 1, . . . , rf}. 

Let e = {1, 1}. For / = {«, j} G E{G), the convex hull of {p(e),p(/)} is an edge of Vg if 

and only if z = 1. Hence Mp(^e) =(771 ) ^^^ columns of Mp(e) form a lattice basis. 

Let e = {1,2} G E{G). For / G E(G) with e ^ /, the convex hull of {p(e),p(/)} is an 
edge of Vg if and only if / belongs to {{1, 1}} U {{1, j} \j eVi\ {2}} U {{2, j} | j G V2}. 



Hence M, 



Pie) 



/ 1 




-1 \ 


-1 


-1 

Em-2 




v 




-Ed-m / 



and columns of Mpi^e) form a lattice basis. 



Let e = {2,m + 1} G E{G). For / = {i,j} G E(G) with e ^ /, the convex hull of 
{p(e),p(/)} is an edge of Vg if and only if either i = 2ori = m + l. Hence Mp(e) = 



/ 1 




1 


\ 






-1 


-1 

Em-2 


-1 


-1 

Ed-m 




J 



and columns of Mp(e) form a lattice basis. 



Thus, in all cases, columns of Mp(e) form a lattice basis and hence Vg is smooth. 
(7) Let V{G') = {1, . . . , m} and V{G) = {1, . . . , m, m + 1, . . . , d}. 

Let e = {1, 1}. For / G E{G) with e ^ f, the convex hull of {p(e), p(/)} is an edge of Vg 
if and only if either / = {i,i} with 2 < i < m or f = {l,j} with m + 1 < j < d. Hence 



M, 



K 



d-l 



Let e = {1, m + 1}. For / G -E(G') with e ^ f, the convex hull of {p(e), p(/)} is an edge of 
Vg if and only if / belongs to {{1, l}}U{{i,m + l} \ I <i < m}U{{l, j} | m + 1 < j < c?}. 



Hence M, 



Pie) 



/ 1 


-1 

Em-1 




-1 




-1 

Ed-m-1 



and columns of Mp(e) form a lattice basis. 



Thus, in all cases, columns of Mp(e) form a lattice basis and hence Vg is smooth, as 
desired. D 



On the other hand, there exist graphs G such that Vg is a simplex, but not smooth. 

Example 1.9. The edge polytope of the graphs Gi and G2 is a simplex (triangle) but not 
smooth: 

(i) E(Gi) = {{l,l},{l,2},{2,2},{l,3}}. 

(ii) E(G2) = {{1,1},{1,2},{2,2},{3,4}}. 

Theorem 1.10. Let G he a finite graph on the vertex set V{G) = {1, . . . ,d} with d > 2. 
Suppose that Vg is a simplex. Then Vg is smooth if and only if G satisfies one of the 
followings: 

(t) E{G) = {{t,j} \l<t<3<d}; 

(ii) G satisfies the condition in Proposition \1.2\ and has at most one loop. 

Proof. ("Only if") Suppose that the edge polytope Vg of a graph G is a simplex and 
smooth. Let G^^^ , • • • , G^''^ be the connected components of G. 

Suppose that G has at least two loops and that G^^^ has a loop of G. Thanks to the 
condition (*), all loops of G are in G^^\ Since Vg is smooth, any face of Vg is smooth. 
Hence none of the graphs Gi, G2 in Example 11.91 is the induced subgraph of G. If r > 2, 
then a loop of G^^^ together with an edge of G*^^-* form an induced subgraph of G. This 
contradicts that G2 is not an induced subgraph of G. Hence r = 1, that is, G is connected. 
Suppose that there exists a vertex i such that G has no loop at i. Since G is connected, 
there exists a path from i to a vertex j where G has a loop at j. Then it follows that Gi is 
the induced subgraph of G. This is a contradiction. Thus G has a loop at every vertex. 

("If") Suppose that G is a graph satisfying the condition (i). Since G is the induced 
subgraph of a graph in Theorem 11.81 (iii) (7) , Vg is a face of a smooth polytope. Hence Vg 
is smooth. 

Suppose that G is a graph satisfying the condition (ii). Since G has at most one loop, 
Vg n Z'^ coinsides with the set of vertices of Vg- It is well-known that, if a is an integral 
simplex having no lattice point except for its vertices, then we can transform a to the 
standard simplex of M'^™'^, that is, the convex hull of {0, ei, . . . , edimo-}- Since the standard 
simplex is smooth, Vg is smooth. D 

2 Quadratic Grobner bases 

In this section, we discuss quadratic Grobner bases of toric ideals arising from simple edge 
polytopes. 

Let TZg = K[{^ij}{i,j}&E{G)] be the polynomial ring in n variables over K and the toric 
ideal of G is the ideal Ig (c TZg) which is the kernel of the surjective ring homomorphism 
vr : TZg ~^ -^[G] defined by setting 7i{xij) = titj for {«, j} G E{G). Let, as before, W denote 
the set of those vertices i G V{G) such that G has no loop at i and G' the induced subgraph 
of G on W. 



Suppose that the edge polytope Vg is simple and Iq 7^ (0). Then, either G satisfies one 
of (a), {j3) and (7) in the condition (iii) of Theorem 11.81 or G has at least two loops and 
satisfies the condition in Proposition II. 2[ If G satisfies (a), then let V{G) = Vi U V2 = 
{1, . . . , m} U {m + 1, . . . , d}. If G satisfies (/3), then suppose that G has a loop at 1 and let 
V{G') = ^1 U V2 = {2, . . . , m} U {m + 1, . . . , rf}. If G satisfies (7), then suppose that G has a 
loop at each of {1, ... , m} and let V{G') = {m + 1, . . . ,d}. If Vg is a simplex with Ig 7^ (0), 
then suppose that G has a loop at each of {1, ... , m}. Let <iex be a lexicographic order on 
TZg satisfying that Xki <iex ^u where k < i and that Xij <iex Xki where i < j,k < i 4^ either 
(i) i < k or (ii) i = k and j > L 

Theorem 2.1. Work with the same notation as above. If the edge polytope Vg is simple and 
Ig ¥" (0); ih,en the reduced Grohner basis of the toric ideal Ig with respect to <iex consists of 
quadratic binomials with squarefree initial monomials. 

Proof. Suppose that Vg is not a simplex. Let Gd be a graph with the edge set E{Gd) = 
{{z,j} I 1 < « < J < d}. Then, K[G(i\ is called the second Veronese subring of K\t\ = 
K[ti, . . . ,td\. It is known [HI Chapter 14] that, with respect to a "sorting" monomial order, 
the toric ideal Jg^ has a quadratic Grobner basis Qd = {xijXkt — XikXji \ i < j < k < 
£} U {xiiXjk — XikXji \i<j<k<i} where the initial monomial of each g E Qd ^^ the first 
monomial oi g and squarefree. See also [4]. Since the initial monomial oi g E Qd with respect 
to <iex is also the first monomial, Qd is a Grobner basis with respect to <icx- It then follows 
that if either XijXki or x^Xjk belongs to IZg, then XikXji belongs to IZg- By the elimination 
property of <iex, Qd H IZg is a Grobner basis of Ig with respect to <iex. 

Suppose that Vg is a simplex with Ig 7^ (0). Let G^^\ . . . ,G^^'^ be the connected com- 
ponents of G. Let G^^^ have a loop of G. Then thanks to the condition (*), all loops of 
G are in G^^\ By virtue of the condition (*) together with Propositions II. ll and II. 2| we 
have TZg/Ig = (^g„//g„) [{^ij} {i,j}eE(G)\E(Gm)] and hence Ig, IgW and Ig^ have the same 
minimal set of binomial generators. Thus Qm is a Grobner basis oi Ig- □ 

3 Ehrhart polynomials 

If P C M'^ is an integral convex polytope, then we define i{V,m) by i{V,m) = \mV fl Z*^]. 
It is known that i{V, m) is a polynomial in m of degree dim P. We call i{V, m) the Ehrhart 
polynomial of V. If vol(P) is the normalized volume of P, then the leading coefficient of 
i{V,m) is vol(P)/(dimP)!. We refer the reader to [1] for the detailed information about 
Ehrhart polynomials of convex polytopes. 

Theorem 3.1. Let G be a graph in Theorem \2.1\ (iii). Let W denote the set of those vertices 
i G V{G) such that G has no loop at i and G' the induced subgraph of G on W . Then the 
Ehrhart polynomial i{VG, iTi) and the normalized volume voI{Vg) of the edge polytope Vg are 
as follows; 

(a) If G is the complete bipartite graph on the vertex set Vi U V2 with \Vi\ = p and | V2I = q, 
then we have i{Vg, m) = (^+'^-1) («+'"-i) and voI(Pg) = ("J^T") ; 
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(j3) If G' is the complete bipartite graph on the vertex set Vi U V2 with \Vi\ = p and | V2I = q, 
then we have i{VG,m) = (p+'") (^+'") and voI(Pg) = ("p"); 

(7; IfG possesses p loops and V{G) = d, then we have i{VG,m) = J2%i P^Ti"^) ('^71"^'") 
andvol{VG) = EUiU)- 

Proof. Since Iq possesses a squarefree initial ideal, K[G] is normal. (It is known [2j, Corollary 
2.3] that K[G] is normal if and only if G satisfies the "odd cycle condition.") Hence, the 
Ehrhart polynomial i{VG,^ coincides with the Hilbert function diTak{K[G])m of the homo- 
geneous Ji'-algebra K[G] = 0m=o(-^[^])m- "^^^ squarefree quadratic initial ideal of Theorem 
12.11 guarantees that the set of monomials Xi-^j-^Xi^j^ ■ ■ ■ Xi^j^ with each {ir,jr} ^ E{G) such 
that 1 < ^1 < ■ ■ ■ < ^m < ji < ■ ■ ■ < jm < c? is a i^-basis of {K[G])m- 

(a) See, e.g., pi. Corollary 2.7 (b)]. (/3) Let V{G') = {1, . . . ,p} U {p + 2, . . . ,d} and G 
has a loop at p + 1. Then {ir,jr} ^ E{G) if and only ii i^ < p + 1 and jV- > P + 1- Hence, 
the number of sequence above is i{VG,m) = ^p+^^^i+"^y Thus, the leading coefficient of 
id-l)HiPG,m) is (^+^). (7) Let V{G) \W =\l,2,' . . ,p}. Then {v,jV} ^ E(G) if and 
only if ir,jr > P- Since the number of sequence above with im = j is (^•'+.™'^ ) (^ 7-^™)' ^^ 
have the required formula for i{VG,^- Hence, the leading coefficient of {d — l)\i(VG,^ is 
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